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We propose the c-function as a new and accurate probe to detect the location of topological
quantum critical points. As a direct application, we consider a holographic model which exhibits a
topological quantum phase transition between a topologically trivial insulating phase and a gapless
Weyl semimetal. The quantum critical point displays a strong Lifshitz-like anisotropy in the spatial
directions and the quantum phase transition does not follow the standard Landau paradigm. The
c-function robustly shows a global maximum at the quantum criticality and distinguishes with great
accuracy the two separate zero temperature phases. We expect our proposal to be a general feature
of quantum phase transitions and to be applicable beyond the holographic framework.
INTRODUCTION
Phase transitions are ubiquitous in nature and they
provide one of the most elegant examples of Universality
and a new window into the physics of strongly correlated
quantum many-body systems [1]. Of exceptional interest
are phase transitions happening at zero temperature –
the quantum phase transitions [2] – which require a shift
of paradigm within the condensed matter lore since they
do not admit a simple Ginzburg-Landau description [3]
and they are often not characterized by any spontaneous
symmetry breaking pattern. A typical case is that of
metal-insulator transitions [4].
Topological quantum phase transitions (TQPT) are
a particularly challenging subclass; the most famous
example being quantum hall systems, displaying exotic
features such as fractional statistics and topological
degeneracy [5, 6]. The chase for an ”order parameter ”
or a local quantity able to pinpoint the location of the
TQPT is a pressing and fundamental open question given
the plethora of topological phases discovered in the recent
years and their possible importance for technological
developments such as quantum computing [7].
In recent years, there have been several attempts to
find an efficient observable able to locate the TQPT from
the nature of the quasiparticles [8], the (not Ising-like)
critical exponents [9], the dynamical topological order
parameter [10] to other quantum information quantities
such as fidelity [11] and topological entanglement entropy
[12, 13].
In this work, we propose a different and particularly
effective way to detect TQPTs by considering the
c-function of the system. We show that such quantity
displays a neat and narrow signal at the location of the
quantum critical point and it is therefore able to identify
with precision the separation between the two topological
phases.
The c-function is a natural candidate to detect phase
transitions. The re-organization of the degrees of freedom
(dofs) along a transition is a key-feature to understand
the two different phases involved. In relativistic theories,
a clear measure for the number of effective degrees of
freedom is indeed provided by the c-function, whose
monotonicity along the renormalization group (RG) flow
is guaranteed by c-theorems [14–21]. These theorems
formalize the idea that the number of dofs diminishes
monotonically flowing towards low energy and their
validity is tightly connected with the existence of a null
energy condition (NEC) [22]. At any fixed point, the c-
function coincides with the central charge c of the system.
The proof of the c-theorems relies crucially on Lorentz
invariance and the monotonicity of the c-function is not
guaranteed if such set of symmetries is broken [23–26].
Additionally, when the rotational global symmetries are
broken, as it happens in anisotropic Lifshitzs-like fixed
points, the c-function needs to be redefined appropriately.
Such a c-function was introduced in [25], further studied
in [27, 28], and it has already passed various non trivial
tests within the holographic scenario. Therefore, we will
use it here as a probe for the TQPT.
As a concrete scenario, we consider the holographic
Weyl semimetal model introduced in [29, 30] (see
[31] for more details). This setup realizes a quantum
phase transition of topological nature between a Weyl
semimetal and an insulating phase (see Fig.1). The
topological distinction between the two phases is
described by a topological invariant which has been
computed in the context of probe fermions [32]. Related
to this model there are several holographic studies [33–41].
More broadly, Weyl semimetals (WS) are new 3D mate-
rials whose band structure is characterized by singularity
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2Figure 1. A sketch of the TQPT considered in this work. For
our choice of parameters, the transition appears at a critical
value M¯c ∼ 0.744 between a topologically trivial gapped state
and a Weyl semimetal phase.
points at which the two bands touch, producing linearly
dispersing cones [42]. The low-energy description at those
points displays emergent relativistic symmetry and it is
described by chiral Weyl spinors always appearing in pairs
[43]. WS exhibit exotic transport properties which are
a direct consequence of quantum field theory anomalies
[44]. To comprehend the fundamental dynamics of WS
and the TQPT, it is sufficient to consider a simple weakly
coupled field theory whose fermionic lagrangian reads [45]
L = Ψ¯
(
i /∂ − e /A − γ5 ~γ ·~b + M
)
Ψ , (1)
where e is the EM coupling, γi the Dirac matrices, A is
the electromagnetic potential, M a mass parameter and
~b a vector which describes the separation in momentum
space of the two Weyl cones. The system considered
exhibits a spectrum which, as expected, depends on the
dimensionless ratio M/|~b|. In the regime M > |~b| the
system is gapped and the effective fermionic excitations
have an effective mass M2eff = M
2 − |~b|2, while in the
opposite scenario, M < |~b|, the spectrum is characterized
by band inversion and the fermions at the crossing points
are massless and separated by the effective parameter
|~beff |2 = b2−M2. Importantly, the axial anomaly implies
an anomalous hall conductivity [46]:
σAHE =
1
(2pi)2
|~beff | , (2)
which is non-zero only in the topological Weyl semimetal
phase.
In this work, we examine the holographic Weyl
semimetal model and we show that the c-function serves
as a very efficient tool to diagnostic the location of the
TQPT. More generally, it is natural to expect that this
concept can apply beyond the realm of holography and
could provide a new and fundamental tool for quantum
phase transitions evading the standard Landau logic.
THE TOPOLOGICAL PHASE TRANSITION
Our holographic model is defined by the following
5−dimensional bulk action [30]:
S =
∫
d5x
√−g
[
R + 12 − 1
4
F 2 − 1
4
F 25 − V (Φ)
− (DµΦ)∗ (DµΦ) + α
3
µνρστAν
(
F 5νρF
5
στ + 3 FνρFστ
)]
,
(3)
written in terms of a vector U(1)v field Bµ with field-
strength F ≡ dB, an axial vector field Aµ with field-
strength F5 ≡ dA and a complex scalar field Φ charged
under the gauge symmetry U(1)v. Moreover, the covariant
derivative is defined as DµΦ = ∂µ− iqAµΦ, and the scalar
potential is chosen to be V (Φ) = m2|Φ|2 + λ2 |Φ|4.
We use the following anisotropic, in the x3 direction,
ansatz for the various bulk fields
ds2 = −f(r)dt2 + dr
2
f(r)
+ g(r)
(
dx21 + dx
2
2
)
+ h(r) dx23 ,
A = A3(r) dx3 , Φ = φ(r) , (4)
where f(r), g(r) and h(r) depend solely on the radial
coordinate r. We choose m2 = −3 to fix the dimension of
the scalar operator dual to the bulk field Φ to be ∆O = 3.
For this choice, the asymptotics of the gauge field and
the bulk scalar are given by:
lim
r→∞ rΦ = M , limr→∞ A3 = b , (5)
where M and b are free parameters of the model, which
play the same role as those in Eq.(1). Moreover, without
loss of generality, we choose λ = 1/10 and q = 1.
The theory therefore is characterized by two dimensionless
parameters taken as T¯ ≡ T/b and M¯ ≡M/b and exhibits
a quantum critical transition at M¯c ∼ 0.74.
At zero temperature, our model admits three types of
solutions – (I) for M¯ > M¯c: an insulating background,
(II) for M¯ = M¯c: a critical background, and (III) for
M¯ < M¯c a semimetal background.
The full background of the RG flow, can be found only
numerically and exhibits different IR fixed points depend-
ing on the dimensionless parameter M¯ . The near-horizon
geometry of the topologically trivial gapped solution (I)
is an AdS5 domain-wall with A3(r) = a1 rβ1 , φ(r) =√
3/λ + φ1 r
β2 , where the exponents β1,2 are functions
of the parameters (m,λ, q). In this regime (I), the near-
horizon value of A3 is always zero, and that of φ is
√
3/λ .
At the quantum critical point (II), the solution is exact
and the theory displays an anistropic Lifshitz-like scaling
parametrized by z, and induced by the source of the axial
gauge field A3. The background can be expressed as
f(r) = f0 r
2 , h(r) = h0 r
2/z , (6)
A3(r) = r
1/z , φ(r) = φ0 , (7)
3Figure 2. The anomalous conductivity at low temperature
T¯ = 0.005 in function of the external parameter M¯ . The
dashed line indicates the position of the quantum critical
point M¯c ∼ 0.744. The inset displays the topological band
crossing which characterizes the semimetal phase. Ef is the
Fermi energy of the system.
where all the parameters are fixed completely by the
choice of (m,λ, q). In particular, the anisotropic exponent
is given by z = −(m2 + λφ20 − 2q2)/2q2 and takes a
value around z ' 2.46 for our choice of parameters. Null
Energy Conditions, the regularity of the solution and
the thermodynamic stability generally imply that z ≥ 1
[25, 47]. The near-horizon value of A3 at criticality is
always zero, whereas that of φ is finite equal to φ0. Finally,
by reducing the parameter M¯ to values lower than the
critical one, we enter in the semimetal phase (III) where
the near-horizon geometry is simply AdS5 with
A3(r) = a1 +
c21pi
4r
e−
2a1
r , φ(r) =
√
pi φ1
(c1
r
)3/2
e−
a1
r ,
(8)
and the various constants depending on the parameters
of the model. In this regime, the near horizon value of
A3 is finite, equal to a1; however, φ(r0) vanishes.
To distinguish the two different phases, we consider the
anomalous Hall conductivity depicted in Fig.2:
σAHE ∼ A3
∣∣
horizon . (9)
The conductivity serves as a non-local order parameter
for the TQPT, which vanishes in the topologically trivial
insulating phase (M¯ > M¯c) and it becomes finite in the
Weyl semimetal phase. Interesting, this ”order parameter ”
does not obey a mean-field theory description but it rather
follows a different scaling:
σAHE ∼
(
M¯c − M¯
)0.21
, (10)
which is shown for our lowest temperature in Fig.2.
In our scenario, the anisotropy is a characteristic prop-
erty of the quantum critical point defining the correspond-
ing class of universality, while away of criticality isotropy
is always re-emerging. This is a crucial difference with re-
spect to the confinement/deconfinement phase transitions
in Einstein-Dilaton-Axion theories [48] which contain a
finite degree of anisotropy that remains invariant along
the different phases.
THE C-FUNCTION FOR LIFSHITZ-LIKE
SYSTEMS
For the sake of introducing the notion of the anisotropic
c-function, let us temporarily consider an arbitrary di-
mensional spacetime in which the d−dimensional spatial
subspace can be decomposed in a transverse and paral-
lel sets with respective dimensions d1, d2, (d1 + d2 = d),
enjoying different scalings:
[‖] = Ln1 , [⊥] = Ln2 , (11)
and therefore breaking the rotational SO(d) invariance to
SO(d1) × SO(d2). The natural proposal for the c-function
of these theories is given by [25]
c‖ := β‖
l
d‖−1
‖
Hd1−1‖ H
d2
⊥
∂S‖
∂ ln l‖
, c⊥ := β⊥
ld⊥−1⊥
Hd1‖ H
d2−1
⊥
∂S⊥
∂ ln l⊥
,
(12)
where S‖(S⊥) is the entanglement of the slab geometry
with length l‖(l⊥) along one of the spatial ‖, (⊥) dimen-
sions and H corresponds to the UV cut-offs. The d‖ and
d⊥ are the effective dimensions:
d‖ := d1 + d2
n2
n1
, d⊥ := d1
n1
n2
+ d2 , (13)
of the two rotational invariant spatial planes of dimen-
sions d1 and d2, where the initial isotropy has been broken
to. The parameters β‖,⊥ are just dimensionless normal-
ization constants. The entangling surface in (‖,⊥) direc-
tions is computed holographically with the usual strategy
on anisotropic probes introduced in [49]. When the c-
function is computed at a certain fixed point, the effective
dimensions are identified with the corresponding scaling
exponents. Importantly, the above definition Eq.(12) re-
duces to the conformal and isotropic c-function [17, 19, 20]
when the symmetries (in this case isotropy) are restored.
UNCOVERING THE QUANTUM CRITICAL
POINT
To uncover the criticality of the theory, we firstly
obtain the numerical background of Eq.(4) for M¯ ∈ [0, 4],
while keeping fixed the dimensionless temperature T¯ . We
are primarily interested in extremely low temperatures
(T¯ ' 0.005). Nevertheless, we have directly checked that
similar results are obtained for slightly larger values
(T¯ = 0.05, 0.1).
4In order to locate the quantum critical point, we
compute the c-function corresponding to an entangling
surface with fixed large enough boundary length to
extend away from the boundary into the bulk. This
type of entangling region probes the deep IR (i.e. the
bulk region near the black hole horizon) and provides
good accuracy on locating the phase transitions. The
c-function defined in (12) has the advantage of being
valid and well-defined even for anisotropic IR phases.
Exploiting this feature, we are able to compute it across
the full phase diagram (M¯, T¯ ). Notice that this would
have been impossible by using of the isotropic c-function,
because the quantum critical point exhibits a strong
anisotropic character.
Practically, the external parameter M¯ is dialed in
a range able to cover the three different phases of the
theory: trivial insulator (M¯ > 0.744), critical point
(M¯ ∼ 0.744) and Weyl semimetal (M¯ < 0.744) (see
Figures 1 and 2). The c-function develops a clear pattern.
As we approach the quantum critical point, it increases
and it reaches a maximum exactly at the quantum
critical point with the Lifshitz-like symmetry. In this
sense, the c-function acts as a very accurate probe to
locate the topological quantum critical point.
We show our main results in Fig.3. Both c-functions
detect very accurately the position of the anisotropic
quantum critical point. By increasing the size of the
entangling surface at the boundary, the precision improves
and the matching is almost exact (see bottom panel of
Fig.3). Practically, a larger entangling surface implies that
the corresponding surface probes deeper the IR structure
of the theory. Given the quantum critical (T = 0) nature
of the phase transition, it is then very natural that the
precision in locating it becomes better and better in this
way. In other words, the precision of the probe grows
with the size of the entangling surface.
Before concluding, few comments are in order. The
c-function defined in (12) contains accurate information
to signal the phase transition in its terms. In fact, the
information of the phase transition is included in the
effective dimensions d‖ and d⊥ since the critical point has
Lifshitz-scaling anisotropy, in contrast to the AdS phases.
Information of the phase transition is also included in the
entangling surface itself. We show the behaviour of the
effective dimensions and the EE derivatives1 in function
of M¯ in Fig.4. The first observable over-estimates the
location of the QCP, at least for our chosen values2, while
the second under-estimates it. Interestingly, the exact
1 Different EE derivatives have been already considered in [50, 51]
for certain holographic Q-lattices model.
2 Interestingly, the parallel effective dimension displays a minimum
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Figure 3. Top: The parallel and transverse c-functions at
T¯ = 0.005 in function of the external parameter M¯ . The
dashed line indicates the position of the quantum critical
point, M¯c ∼ 0.744. Bottom: The same c-functions (blue,
red) for a larger entangling region (orange, green) and the
dynamics of the maxima (black dots). The arrows indicate the
motion of the maxima increasing the size L of the entangling
region and the dashed line the quantum critical point. In both
panels the normalizations are arbitrary.
combination of the two, which appears in (12), is the
one that pinpoints the precise position of the quantum
critical point with the greatest accuracy. Let us also
notice that, considering large regions at the boundary, the
entanglement entropy is expected to approach the thermal
entropy of the system, as it usually happens in the thermal
theories e.g. [52]. This may lead to thermal contributions
on the computed entanglement entropy, which however
are not affecting the ability of the c-function to locate the
probe.
DISCUSSION
In this work we have considered a holographic model ex-
hibiting a topological quantum phase transition (TQPT).
The quantum critical point, which is related to the transi-
tion between a topologically trivial insulator and a gapless
at the QCP instead of a maximum. This is similar to the be-
haviours of the conductivities, viscosities and butterfly velocities
[39].
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Figure 4. The effective dimensions d‖,⊥ and the EE deriva-
tives ∂S‖,⊥/∂ ln l‖,⊥ in function of the external parameter M¯ .
The black dots indicate the position of the maxima for these
observables while the vertical line the location of the QCP. In
both panels the normalizations are arbitrary.
Weyl semimetal, displays a Lifshitz-like anisotropic
critical point and critical scalings not compatible with
the standard Landau paradigm. We have shown that the
anisotropic c-function attains a universal maximum at the
location of the quantum critical point and as such it serves
as a very accurate and efficient probe to detect the TQPT.
More broadly, we propose that the generalized c-
function might have a comprehensive and fundamental
role in the context of ”exotic” (not classical/thermal) phase
transitions for which symmetry breaking arguments à la
Landau are of no help. Our conclusions are expected to
have a universal character which can be confirmed with
direct computations outside the holographic framework.
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HOLOGRAPHIC BACKGROUND SOLUTION
Plugging our background ansatz (4) to the bulk action (3), we obtain the following equations of motion:
f ′′ +
h′
2h
f ′ − f
(
g′′
g
+
g′ h′
2 g h
)
= 0 , (14)
f ′′
2f
+
g′′
g
+
g′ f ′
g f
− g
′2
4g2
− A
′
3
2
4h
+
1
2
φ′2 +
m2φ2
2f
− q
2A23φ
2
2hf
+
λφ4
4f
− 6
f
= 0 , (15)
1
2
φ′2 +
A′3
2
4h
−
(
g′
2g f
+
h′
4h f
)
f ′ − g
′ h′
2g h
− g
′2
4g2
−
(
m2 +
q2A23
h
+
λφ2
2
)
φ2
2f
+
6
f
= 0 , (16)
φ′′ + φ′
(
g′
g
+
h′
2h
+
f ′
f
)
− λφ
3
f
−
(
q2A23
h f
+
m2
f
)
φ = 0 , (17)
A′′3 +A
′
3
(
g′
g
− h
′
2h
+
f ′
f
)
− 2q
2A3φ
2
f
= 0 . (18)
At the UV boundary (r =∞) the asymptotic expansion of the bulk fields is given by:
f = r2 + . . . , g = r2 + . . . , h = r2 + . . . , A3 = b + . . . , φ =
M
r
+ . . . . (19)
Our theory has the following three scaling symmetries
(x1, x2)→ a(x1, x2), g → ga−2 ; x3 → ax3, h→ a−2h, A3 → A3a−1 (20)
r → ar, (t, x1, x2, x3)→ (t, x1, x2, x3)/a, (f, g, h)→ a2(f, g, h), A3 → aA3 , (21)
which are used to rescale the coefficients of the three different metric functions (f, g, h) at the boundary to unity.
This is why the boundary field theory depends only on the parameters, T, b,M which can be reorganized into two
dimensionless quantities T¯ ≡ T/b and M¯ ≡M/b.
Approaching the black-brane horizon (rh), the expansion for the bulk fields can be written as
f ' 4pi T (r − rh) + f2 (r − rh) , g ' g1 + g2 (r − rh) , h ' h1 + h2 (r − rh) ,
A3 ' A3(1) +A3(2) (r − rh) , rφ ' φ1 + φ2 (r − rh) .
(22)
A
(1)
3 and φ1 are the only free parameters, controlled by the boundary data T¯ and M¯ . In summary, we can reduce
the number of the independent horizon parameters (T, rh, g1, h1, A3(1), φ1) to (T,A3(1), φ1) using the above scaling
symmetries. At the conformal boundary, these parameters can be mapped into the triplet (T,M, b). Following this
procedure, we obtain numerically our background using the shooting method with respects to parameters T¯ and M¯ .
